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INTRODUCTION 
A power series y = F(X) E C [ [Ix]] is algebraic (D-finite) if it satisfies an 
algebraic (differential) equation with polynomial coefficients [lo]. In this 
note we mainly study these questions-of algebraicity and of D- 
finiteness-for the generating function off(n) = &+,, [sk(A)]“. Cd;.]“. Here 
sk(A) is the number of k-semistandard tableaux of shape 1, and dj. is the 
number of such standard tableaux. 
By a recent result of Zeilberger [ 111, F(x) for such f(n) is always D- 
finite. 
A classical theorem of Jungen [4] shows that it is sometimes possible to 
determine the nonalgebraicity of F(x) from the asymptotic behavior off(n). 
In this note we find the asymptotics of such f(n), and are thus able to 
show many cases where F(x) is not algebraic. Two of these cases are worth 
mentioning here: 
(1) The power series y, = CnaO S,(n) x” [ 10, Sect. 4(c)] are not 
algebraic when $~(k - 1) is an integer 2 1. 
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(2) The generating function of the codimensions of the r x r matrices 
is not algebraic for r > 1 odd (it is known to be algebraic for r = 2). 
The asymptotics of thesef(n) lead to two multi-integrals which are both 
consequences of the Selberg integral [9]. It is interesting to note that 
these are exactly the two integrals which were used in the solution of 
Macdonald’s (and Mehta’s) conjecture [5]. 
The connection of these asymptotics to determinantal varieties and G- 
invariant ideals [3] was pointed to us by Procesi. In Section 5 we in fact 
show that these asymptotics evaluate the degree and the leading term of the 
Hilbert polynomial of the quotient of certain G-invariant ideals. Finally, 
G-invariant ideals-together with the Hilbert-Serre theorem [ 1, p. 177]- 
are applied to prove: 
For all 1 <k’ < k,f(n) = J&ni;,Cn) (~~(2))’ (A has <k’ parts) is a 
polynomial in n and its generating function F(x) = C, a O f(x) xn 
is algebraic. 
1. SOME CONSEQUENCES OF THE SELBERG INTEGRAL 
Let T(z) denote the Gamma function and let D,(x) = 
Dm(X12.“> xm)=Il*<,<j<m (xr-xj). 
1.1. The Selberg Integral [9] 
1 s I . . ’ (-XI . ..x.)“-‘[(I -~i)...(l -x,)]~~‘.JD,(~))~=dx,.~.dx, 0 0 
m r(l+kz)T(a+(k-l)z).r(/?+(k-1)z) 
=F, r(l +z).f(cc+j3+(m+k-2)z) 
1.2. LEMMA. 
(a) jox...joE (x,...~,)I~‘.e-=:-‘l.ID,(x)J~‘dx~...dx, 
=f,, r(l +W$-W- 1)~). 
(b) j_“, . . 5_:,, (D,(x)/2=. e-(y-T+---+-4,)12 dx, . . . dx, 
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Proof (a) Change x,-+x,/N, l<k<m, and set fl-l=N in 1.1 to 
obtain 
where 
u=u(N)= fi 
f(N+l+(k-1)~) 
k=, f(N+cr+ 1 +(m+k- 1)~)’ 
Let N -+ co; then (1 - xi,N)N --) e-.“, Jt -+ SF, and, by Stirling’s formula, 
U=u(N)+N-‘-‘(m-I)m. 
Part (b) is similarly obtained from Section 1.1: first substitute xi + xi + +, 
then set CI - 1 = /I - 1 = N and then substitute xi -+ 2x4,/‘%. 
1.3. Remarks. Lemma 1.2(b) is the “Mehta conjecture,” which was 
proved by Bombieri and Selberg (unpublished) in the way indicated above. 
“Macdonald’s conjecture” generalizes Mehta’s, and some of its cases can be 
evaluated from Lemma 1.2(a) [5]. 
2. ASYMPTOTIC~ 
An irreducible s, character xi corresponds to a partition 1 +n; its 
degree deg xi. = dj. also equals the number of standard tableaux (rows and 
columns strict) of shape 1. 
2.1. The Young-Frobenius Formula 
Let A = (A, ,..., A,), /2, # 0, and set 2, = ;li + k-j, 1 <j d k; then 
dj. = 
n! 
I,! . . . I,! 
. Dk(K, )..., I,). 
2.2. Notation. H(k, 1; n) = {(A,, A,,...) +- nlAk+j < 1, j = 1, 2,...}, 
ff(k 4 = Un>o H(k, I; n), A,(n) = H(k, 0; n), Ak = H(k, 0). 
To L E /1, corresponds an irreducible GL(k, C) character $i,k); its degree 
deg $ik)= s,(l) also equals the number of semistandard tableaux (rows 
weakly increasing; columns strictly increasing) of shape 1, on l,..., k. 
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2.3. Weyl’s Formula 
Let 2 E A,; then s,(A) = ( l/tk) Dk(Al + k - 1, A2 + k - 2,..., ;Ik), where 
tk = D,(k - 1, k - 2 ,..., 0) = n,“= 1 r(j). 
2.4. EXAMPLE. Let A,(n)= {(i ,,..., i,)l 1 di,dk), and let I(i ,,..., i,) 
denote the length of the longest decreasing subsequence in (ir ,..., i,). Let 
1 dk’,<k and set B,.(n)= {(i)EA,(n)II(i)dk’}. 
Robinson-Schensted correspondence, #B,,(n) = 
2.5. DEFINITION. Let a, /I 3 0 be real numbers, and 1 <k’ 6 k integers; 
then write 
2.6 EXAMPLES. S(k, k, 0, 1; n) is the number S,(n) in [ 10, Sect. 4(c)]. 
The asymptotic behavior of S(k, k, 0, /?; n) = SV’(n), n -+ cc, is studied in 
[6]; S(k, k, CC, /I; n) and their asymptotics in the case p > 0 appear in [7]. 
We now study the asymptotics of S(k, k’, c(, j?; n) as n -P co. 
The Case /? > 0 
2.7. THEOREM. Let 1 <k’ <k be integers, and ~12 0 and b > 0 real num- 
bers; then, as n -+ cc1, 
S(k, k’, a, /I; n) ‘v c(k, k’, c(, fl). 
1 ,?(k.k’. 2.8) 
0 
n .k , llm 
where 
and where 
g(k,k’,uJ)=;(k’-l)(k’+2)p-[y (k’a + 1) + k’cr(k - k’) 1 . 
(Note: the evaluation of c(k, k’, (Y, /I) involves Lemma 1.2(b).) 
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Proof: Let a > 0 and denote 
A,.(a; n) = (Al,..., A,,) E Ak,(n) ( Aj 
As shown in [7], when n + co, S(k, k’, a, /I; n) is dominated 
mands corresponding to 2s in Ab(a; n). By [6, F. 1.11, if 
,Ij = n/k’ + cj &. then 
by the sum- 
A c A,.(a; n), 
d, N Yk, .Dk,(c ,,..., ck,) 4k’d+ .‘. +d). 
0 
! 
(k’ ~ I )(k’ + 2)/4 
. k’“, 
n 
where y, = (l/J%)‘- ’ . lr2’2. 
For such 3, E A,.(a; m) the asymptotics of s,(l) is very simple: 
A - . . . k’+l - =Ak=O, A ,,..., A,,=;, 
(&+k-i)-(lj+k-j)-(q-c,)& 
(as n + CC ), and since 
D,(A, + k - I,..., A,, + k-k’, k -k’ - l,..., 0) 
= o,,(n, + k - I,..., a,, + k - k’) . D, ~ k,(k - k’ - I,..., 0) 
k’ k-k’- 1 
.n n (Ai+k-i-j) 
i= 1 j=O 
we therefore have 
tk-k’ 
Sk(n) = -’ 
tk 
The function F(I) = &(A, ,..., A,.) clearly satisfies [7, Assumption 1.21 
(correction: it should read: F(A) N . ..). F(A) 2: Dk(C1 )...) ck). &‘, where 
v = +k’(k’ - 1). By [7, Theorem 1.3(a)] we have: 
W, k’, a, P; n) = Z(a, B, k’). cl@, k’, a, PI . 
1 g(k.k’.a.P) 
0 
; . k+‘, 
where g(k, k’, a, p) appeared in our theorem, 
cl@, k’, a, B) = 
b 
and 
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It remains to evaluate Z(a, j3, I) (I = k’), and we refer to [6, p. 1321: Let 
8 = Jm and substitute xi = Ox;, so 
!P,(a)=f:, ...i:m [ION(x)1 .e-‘Y:+-.f”~“2]B dx, . ..dx. is the “Mehta” 
integral, and its value is easily obtained from Lemma 1.2(b). Combining 
these values with the above c,(k, k’, a, 8) yields c(k, k’, a, /?) and the proof 
is complete. Q.E.D. 
The Case /3 = 0 
2.8. THEOREM. Let /? = 0, a > 0 he real numbers, and 1 <k’ <k be 
integers; then, as n + co, 
S(k, k’, a, 0; n) N [ 1 7 
z 
.~.,(k’/2)(2k-k’-l)z+k’-I 
> 
where 
J=J(k, k’,a)= I...{ [Dks(x)]‘. [x,...xk.]r’(k-k’)dx 
r,>...>r~~ao 
x, + + Vi’ = A 
1 
= k’! Qk’(2k - k’ - 1) a/2 + 1) 
k’ r(l +j(a/2)).r(l +(2(k-k’)+j- l)(a/2)) 
ff 
/=I f(1 +a/2) 
(Note: Lemma 1.2(a) is applied here.) 
Proof: The summands in A,,(& n) are no longer dominating 
S(k, k’, a, 0; n) ! 
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Let R. E Ak,(n); then as we have seen: 
k’ k-k’-1 
sk(A) = y*o,.(ti, + k- l,..., l,,+k-k’). fl n (&+k-i-j). 
i=l j=O 
Let E = xf:, (A, + k -j). Clearly, E 2: n. Let xi = (Aj + k -j)/fi; then 
x1 + .*. +x,. = 1 and 
sk(n) = 
tk-k’ 
k’ k-k’-1 
-.nk’(k’-‘)/2+k’(k--k’).~~,(~). n n (xi-j/fi). 
tk i= 1 j=O 
Since j/n N 0, if xk’ is small, the corresponding summand [sk(A)la in 
S(k, k’, a, 0; n) is also small and can be discarded: we may assume 
xkP > E > 0. Then xi + j/E N xi, so 
S(k, k’, a, 0; n) 
w,.+k’/2)(2k-k’--l).r. tk-k’ 
( > 
a 
-. - 
fk 
c (Dk,(X)y. [x, . . . Xk.](k-k’)x 
I, 5 ,.. > .x-k’ > 0 
(.Y,-:.‘.:,:)z y;; :at, 
and the sum tends to a Rieman integral. Therefore 
2 
S(k, k’, a, 0; n) 2: n(k’lW-k’- ‘11 . ,,k’- 1 . J(k, k’, a). 
It only remains to prove: 
LEMMA. 
J(k, 1, a) = 
1 
I! IJ1(2k--I- l).a/2+ 1) 
l r(l +j(a/2))r(l + (2(k-/)+j- l)(a/2)) 
3-I 
j= 1 r( 1 + a/2) 
ProoJ Let 
p=(k-I)a:J(k,&a)= ... I I (D,(x))2=(xl . . . x,)” dx 
x, z ,.x-,&O 
Q= 1 
22 = a. 
By Section 1, 
J’ = frn.. . jm Lx,. . . xJ’. ID,(x)12= e--~ dx 
0 0 
=j$, Fyl=i:: up+ 1 +(j- 1)z). 
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Substitute r = x, + . . . + Xl; uj = x,/r(so xi = vu,), so 
J’= j... j du, . ..du.-, joa dr.r’(‘pl”+‘P+‘I-l .e-‘. (u, . ..u.)P. )D,(u)12’ 
u ,,..., Id,>0 XL+=1 
=l!~r(l(l-l)I+lp+l) j...j (u ,"'u,)~.(D,(u))2=&, 
u, > > u,> 0 
mu,= I 
which obviously completes the proof. Q.E.D. 
3. GENERATING FUNCTIONS 
Associate to a function f: N + C its generating function 
)’ = C, s of(n) xn. We take from [lo] the definitions of “)j is algebraic” and 
of “‘y is D-finite,” when y E @[[x J]. 
Let 1 <k’< k be integers and CI, /?> 0 be real numbers; let f(n) = 
S(k, k’, ct, b; n) and Fk,li’.a,B(x) = F(x) =z,,ZO S(k, k’, c(, fl; n). xn be its 
generating function. Further, we 
Assume that CI, /? are also integers. We now study the 
algebraicity and the D-fmiteness of F(x). 
3.1. THEOREM. For all integers c(, p > 0, 1 < k’ < k, Fk.k.,z,p(.~) is Sj2nite. 
Proof: Let Aen,.( A= (A,,..., I,.), and write m,=Lj+k-j, 1 <j<k’. 
By Sections 2.1 and 2.3, (.s~(I))~. (d,)” is a rational function in 
n !, m, ! ,..., mk !, m, ,..., mk. By [ll, Theorem IO] F(x) is therefore D-finite. 
Q.E.D. 
The main tool used here for studying non-algebraicity is the following 
classical 
3.2. LEMMA. Let f:  N + @, F(x) = x,, 2o f(n) xn and assume 
where A and a are complex constants and g is a real number. For F(x) to be 
algebraic, it is necessary that g be rational and ifg > 0, then g must also be 
nonintegral. 
Remark. This lemma follows from the asymptotic estimates of Jungen 
[4]. One can also use the following argument. Assume that A = a = 1. In 
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addition, by applying a finite number of differentiations or integrations, 
one can assume that 0 <g6 1. Suppose that F(z) = C a,Z” and G(z) = 
C b,Z” converge in the disc (z( < 1 with a,, ‘v b, as n --) co and b, 2 0, 
C,“=, b, = co. Then for E > 0 there is an integer N such that la, - b,l < eb,, 
for n > A? This implies that IF(z) - G(z)1 < IPN(z)l + .sG( lzl), where P, is a 
polynomial of degree N. Then for a Stolz region in the unit disc about z = 1 
such that lG(lzl)l <MIG(z)l, we have F(z)- G(z) as z-+ 1. In particular, 
for O<g<l let G(z)=r(l-g)(l-~)~-’ and for g=l let G(z)= 
-ln( 1 - z). The lemma is then obtained. 
Examining g(k, k’, CI, fi) of Theorem 2.7 we have 
3.3. COROLLARY. Let k, k’, ~1, /I be integers, 1 < k’d k, O<cr, 0 </I. rf 
is an integer then Fk,k,,,,a(~) is not algebraic. 
3.4. Remark. By Theorem 2.8, the asymptotics of S(k, k’, c1,O) yields a 
positive power (always an integer) of n (instead of l/n) so Jungen’s 
theorem cannot be applied. In fact, we shall prove later (5.3) that 
CnbO S(k, k’, 2,0; n) x” is always algebraic. 
The following is an application to PI. algebras: 
3.5. THEOREM. If r 2 3 is odd then the generating functions for the 
codimensions and for the trace-codimensions of the r x r matrices ([S]) are 
not algebraic. 
Proof. Let M,(F) be the r x r matrices (over a field F of characteristic 
zero); let c,(M,(F)) be its codimensions, t, its trace-codimensions, and 
G,(x) = C, a ,, c,W,V’)) xn and T,(x) = 2 3 o t,,(M,V’)) . xn be the 
corresponding generating functions. By [S], c,(M,(F)) = t,(M,( F)) = 
S(r, r, 0, 2; n) and by Theorem 2.7, S(r, r, 0, 2; n) N- c. (l/n)” rZn, where 
g=i(r*-1). Th e proof now follows from Theorem 3.2. 
3.6. Remark. Both c*(x) and T,(x) are algebraic: t,(M,(F)) = 
S(2,2,0,2; n) = (l/(n + l))(c) [6, Introduction] are the Catalan numbers, 
and T,(x) = ( 1 - ,/m)/2 x, which clearly is algebraic. By [12, Sect. 63, 
c,(Mz(F‘)) = t,tM,tF)) - 2” - ; + 1, 
hence 
0 
1 
c2(x) = T2(x) - - 
1 X3 
l-2x+z-x- 
which is algebraic. 
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4. Hook GENERALIZATIONS 
In this section we discuss a very natural generalization of S(k, k’, CI, /?; n). 
We indicate what the results are, leaving the details to the reader. 
The “sub-strip” sums S(k, k’, c(, /?; n) have a “sub-hook” sums 
generalization: Given integers 0 <k’ ,< k, 0 < I’ Q 1, we have the sub-hook 
H(k’, Z’)cH(k, I) (see [Z]). For AeH(k, /), the number s,(l)-of k 
semistandard tableaux of shape l-is now replaced by s&A), the number 
of (k, !) semistandard tableaux of shape 1 (but do not replace the d,‘s). 
Form now S(k’ <k, 1’ d 1, a, 8; n) = Ci.EH(k,,(‘;n)(~k,l(lZ))‘. (d,)“. 
A “Weyl” formula for s,,,(l) is available-provided that ;1? (Zk) 
[2, 6.241. We can now imitate Section 3, provided k = k’, I = I’ and p > 0. 
The asymptotics of these sums can now be deduced by similar methods 
since such sums are dominated by the summands that correspond to those 
;L 2 (Zk). For such II, the asymptotics of di, is given in [2, (7.16) J, while that 
of s,,,(I) is deduced from [2, (6.24)]. The rest is a straightforward 
calculation. In fact, the case CI = 0 is given by [2, (7.21)], from which non- 
algebraicity of the corresponding generating functions can be deduced 
whenever (/3/4)[k(k + 1) + I(2 + 1) - 2]- (k + l- 1)/2 is an integer. 
Note that if H(k’, I’) cg H(k, i) and J E H(k’, f’), then J 2 (k’); in this 
case there is no explicit formula for s,,,(l) (there is a recursive formula). 
Thus, at the moment, we cannot in general calculate the asymptotics of 
S(k’ < k, I’ < 1, a, /I; n). 
We turn now to %finiteness. From [2, (7.14.1)] it is easy to deduce a 
“double” Young-Frobenious formula for AE H(k, 1; n). By an easy 
argument based on such formula, on [ 11, Theorem lo] and on the 
maximal rectangle contained by 1” E H(k, 1; n), it can be shown that for all 
these hook sums (k = k’, I = I’, tl = 0) the generating function is 9Minite. 
Again, the general case is not clear. 
5. CONNECTION WITH DETERMINANTAL VARIETIES 
We adopt here the notations of [3], replacing 1 <n <m by 1 d k < 1. Let 
1>k21 be integers, R=[(x,}, l,<i<k, l<j</], G=GL(k,F)x 
GL(I, F). Given 1 E A,(n), then M, = L,@ ,L is G irreducible and 
R- Oj.snk M, as G module. By their Theorem 3.2, dim M, = sk(J). s,(n). 
Consider now the ideals I, and the corresponding quotient modules 
Qi, = R/I;.. By their Theorem 4.1, Qj, z &, Z 1 @ M,. Note that both R and 
2, are naturally graded, hence so is 
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5.1. EXAMPLE. Let 
I=(b+ l), I ; 
btl 
then clearly 
is finite dimensional. We denote dim QCb + 1j = d(k, I, b), i.e.: 
Return to the general case. The function fj.(n) = dim(Q,), is, for large n, 
a polynomial in n [ l,O. 1173, known as the Hilbert polynomial of Qj.. 
Write 
fi(n)=a,nq+a,-,n4-‘+ ... +a,, a,#O; 
thenf,(n) z,r+oo ayn4. Thus, the asymptotics of 
.fibf = 1 sk(p) d/1) 
rE4(“) 
p S i. 
determines both the degree q and the leading coefficient a, of the Hilbert 
polynomial. 
We now proceed to determine that asymptotic behaviour. 
Case 1. Assume 
t l=((b+ ly+‘)=a+ 1 
I 
? 
1 
tb+l-+ 
where l<a+l<k. Let kE/ik(n)~=(~,,1(,,...); then Jo 22 l-pU+,Gb 
Thus 
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Denote ,iii = pi + k - i, jij = pi + I - i; then 
Dk(PI ?...? Fk) D,(Bl ,...Y I%). 
P”,lGb 
Now, 
Let xi = pi/n, 1 < i 6 a. Since pU+, G b, the sum fi,(n) is dominated by the 
summands where pI ,..., pO 4 00. Thus: x, + . . . + x, = 1, fij N fi, = nxi, 
1 <iQa, 
Thus: 
Sk(P) S,(P) = 
1 
-.na(k+‘-u- I). [DJx,,..., x,)12. cxI ...X,]k+‘-20 
tk. t, 
. D, - .(A + i T---r k) D,- ,(A, + I,...> cl,). 
Denote by ~\a the partition 
The condition that p E A, and pL, + , 6 b is equivalent to 
P\Q G k - a. 
+-b+ 
Note also that 
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and that 
For pcll > ... apt, + co, the summation inf;(n) is done on (CL,,..., p(,) and 
on ~\a independently. Note that 
c Sk-.(~\a)‘s,-.(~\a)=d(k-a, ‘-‘Yh). 
JL\UG U k--a 
h 
As in Section 2 it now follows that 
f,:(n)- 
tk-rr’f/-o 
t .t .d(k-u,I-u,6).n”‘k+/-“-” 
k I 
.n”-l 
s s 
. . . [Du(xl,..., x,)]~(x, -xJk+‘-*“ dx. 
I,> ‘.’ P.Xu20 
.r,+ ‘.‘+r”=l 
The evaluation of the integral is left for the reader-and completes the 
asymptotics off;.(n) in this case. 
Case2. Any Jon,. Let J=(;I,,...,Iz,+r), where O<&+,=b+l, 
and identify A with its diagram; it has few corners, and the lowest corner is 
the last (b + 1)st cell in the last (a + 1)st row. Trivially, p P ;1 if and only if 
~1 avoids at least one of the corners of 1. Thus C, II 
sk(p) sI(p) = c, ~2 (b+ I)“+’ sk(p) s/(p) +some of the summands for p’s 
avoiding the other corners. By Case 1, the first sum has rate of growth 
nuck + ‘- ‘)P ‘. The other corners are higher, and again by Case 1, each con- 
tributes a rate of growth of at most na’(k+‘-u’)- ‘, where a’ $ a. But 
u<kdl, so 
u’(k+1-a’)-1 $ u(k+Z-a)-1, 
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hence the contribution from the other summands can be neglected. We 
have thus proved 
5.2. PROPOSITION. Let 1 B a + 1 6 k 6 I, b b 0, and let 2 = (%I,..., &, + I), 
where A,, , =b+ 1; then 
.Z.d(k-a, 1-q b) .n”(k+f-“- ‘ ,  
where 
[D,(x)-J2. (x, ..~,)~+‘-~~dx. 
In particular, the degree of f;.(n) is q = a(k + I- a) - 1 
From the above calculations we deduce 
5.3. Remark. Let O,<k<l, O<a<k; then for large n, 
f(n)=~rEn,,n,Sk(~) s,(p) is a polynomial in n and Cnzo f(n) xn is a 
rational, hence algebraic, function; in particular S(k, a, 2,0; n) = 
c pcn,cnj (s&))~ is polynomial and its generating function is algebraic. 
Proof: f(n) is the Hilbert polynomial for Qj. = R/Z,, where I.= (1 “+ ‘). 
Q.E.D. 
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